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ABSTRACT 
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Supervising Professor:  Dr. Manfred Huber  

Reinforcement learning has proven to be an effective method for creating 

intelligent agents in a wide range of applications. However, it suffers from the need for 

a large number of training episodes, a problem that is especially noticeable in large 

domains. Although the utility of hierarchy is commonly accepted, there has been 

relatively little research on autonomously discovering or creating useful hierarchies. A 

system is desirable that can scale reinforcement learning to complex real-world tasks 

and autonomously discover hierarchical structures within their learning and control 

systems.  
 v



This thesis introduces a method that allows a reinforcement learning agent to 

autonomously discover and create hierarchy from a learned policy model. A hierarchy 

of actions helps to create an abstraction which is an encapsulation of a set of actions 

into a single higher level action that allows an agent to learn while ignoring details that 

appear at finer levels. The main idea is to find subgoals in a learned policy model by 

searching for states that exhibit certain structural properties. These subgoals are used to 

create hierarchies of actions. The hierarchies of actions help the agent to explore more 

effectively and accelerate learning in other tasks in the same or similar environments 

where the same subgoals are useful. It is demonstrated that the hierarchical action 

sequences created with autonomously discovered subgoals can facilitate learning and 

enable effective knowledge transfer to related tasks. 
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CHAPTER I 

INTRODUCTION 

Humans are effective problem solvers because they can systematically ignore 

irrelevant details in complex environments. For example while playing tennis we don’t 

worry about planning the movements of our individual muscle fibers. If we consciously 

had to plan our muscle movements every time we wanted to play a stroke in tennis it 

would probably take much more time and an entire game of tennis would be nearly 

impossible. Instead, we create a higher level action that encapsulates the entire set of 

muscle movements that we use to play a stroke in tennis. Using hierarchical actions we 

can plan at a higher level that allows us to ignore details at the muscle level and to focus 

on larger tasks such as playing a game of tennis. A compact representation of the 

knowledge gained in one task that allows the knowledge to be re-used can facilitate 

solving complex tasks. This representation can enable an agent to learn and plan at a 

higher level.  

Researchers in Artificial Intelligence (AI) have long studied the use of hierarchy 

to enable AI systems to solve large and complex problems. By allowing a system to 

ignore details that are not immediately relevant to the current task, the size of the space 

that an agent must search to find a solution can be reduced.  
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One approach is creating a hierarchy of actions. Hierarchy of actions 

encapsulates a complex set of actions into a single higher-level action that allows an 

agent to learn and plan at multiple scales in time. As an example, the “play tennis 

stroke” encapsulation discussed above is a hierarchy of actions because a human can 

plan to play tennis using this hierarchical action without the need to know how many 

muscles will be needed to swing the tennis racket and hit the ball, i.e. without the need 

to plan the muscle movements consciously. Another approach reduces the size of the 

state space by dropping irrelevant state variables. This approach generalizes or 

aggregates over state variables. Using the previous example, if the muscle movements 

required to play a tennis stroke can also be applied to play a squash stroke, then the 

agent can generalize across the “tennis” and “squash” variables to create an abstraction 

of “play a stroke.”  

Hierarchy is useful for facilitating the control of complex systems. By allowing 

an agent to plan with hierarchical actions the effective depth that the agent must search 

to find a solution can be shortened. Also, by encapsulating a set of complex actions into 

a single higher-level action, such as the “play a stroke” example discussed above, a 

hierarchical structure can allow a more effective transfer of knowledge from one task to 

another. By doing so, the higher level actions should enable an agent to solve more 

difficult tasks as long as the tasks have some underlying characteristics in common. 

The method presented in this document is illustrated in the context of machine 

learning. Machine learning techniques provide an agent with the ability to adapt to 

changes in the environment as well as the ability to improve performance by learning 
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from experience. Machine learning is helpful in tasks where the pre-programming of the 

agents is very difficult, yet the agents must effectively perform in a complex and 

changing environment. In particular, the focus here is on the machine learning approach 

known as reinforcement learning (Sutton and Barto, 1998). Unlike supervised learning 

approaches, which require an outside teacher to specify the correct actions to take at 

each step, a reinforcement learning agent learns directly from its interactions with its 

environment. Reinforcement learning has been demonstrated to be especially effective 

for control problems where the goal objective is known but the method to achieve the 

goal is not specified. 

 While learning from reinforcements has proven to be an effective and popular 

method for creating intelligent agents, a key scaling problem of reinforcement learning 

is that in large domains an enormous number of decisions are to be made. For many 

tasks, the algorithms can take impractical amounts of time to achieve an optimal level 

of performance. This limits the size of feasible problems for which a reinforcement 

learning system can approximate solutions. By studying techniques to discover subgoal 

automatically and create hierarchy, this thesis addresses the issue of the limitations on 

the size of feasible problems.  

1.1. Contribution of this Thesis 

This thesis introduces a novel method that allows an agent to autonomously 

discover subgoals and create a hierarchy from a learned policy model. Although much 

of the relevant research in AI has demonstrated the utility of hierarchy, there is 

comparatively little work on how to discover or create useful hierarchical structure.  On 
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the other hand, it is highly desirable, in particular for a reinforcement learning agent to 

discover the subgoals and create hierarchies automatically.  

The main idea presented in this thesis is to search in a learned policy model for 

states that exhibit certain structural properties. In particular, the method searches for 

“subgoals”. Conceptually, states that connect separated strongly connected spaces are 

categorized as subgoals. The subgoal will be defined formally in chapter IV. The 

method detects useful subgoals in the learned policy model and creates policies that 

achieve these subgoals. These policies are added to the action space of the agent, which 

means that the agent has a mapping from states in the environment to the actions that 

should be chosen to achieve the subgoal. These subgoals are then used to create 

hierarchies. The hierarchical actions help the agent to explore more effectively and 

accelerate learning in other tasks in the same or similar environments where the same 

subgoals are useful. This document presents results where our methods used to discover 

subgoals and create a hierarchy on a grid – world navigation task. 

Before describing the methods for discovering subgoals in more detail, related 

research is presented in Chapter 2 within the context of the work in this thesis. In 

Chapter 3 an overview of reinforcement learning, Q-learning, and the hierarchical 

framework is given. Chapter 4 presents our technique for automatically discovering 

subgoals. After presenting the method, we discuss experimental results in a grid-world 

task in Chapter 5. These results make use of a reinforcement learning agent to generate 

the behavior used to detect the subgoals. Chapter 5 also explains hierarchy formation in 
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detail along with experimental results. The final chapter, Chapter 6, concludes and 

discusses plans for future research in this area. 
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CHAPTER II 

RELATED WORK 

This chapter discusses related research in the AI and RL (Reinforcement 

Learning) domains and puts it in the context of the approach presented in this thesis.  

2.1 Relevant AI Literature 

Much of the early research on hierarchical structures came from joint 

psychology and AI research where computational systems were built to further the 

understanding of human problem solving. Newell et al.’s (1963) General Problem 

Solver and the SOAR project (Laird et al., 1986), both use the concept of hierarchy to 

narrow the search space of the problem solver. By creating a hierarchy of sub-problems 

that are more easily solved, the path to a solution for the main problem is shortened 

which enables problem solving to work more effectively. SOAR formed its hierarchy 

by grouping together sequences of actions used to solve subproblems. Although this 

method helped the system to solve larger problems, SOAR sometimes suffered from the 

“utility problem” (Minton 1988) where too many chunks could actually slow down the 

system by increasing the branching factor of the search. The work of (Anzai and Simon 

1979) also fits into this paradigm. These researchers analyzed human problem solving 

protocols to guide them in creating a general problem solving mechanism that can 

create subgoals and group together useful sequences of actions. 
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(Amarel 1968) discussed the Missionaries and Cannibals problem to state the 

need for macro operators or actions in problem solving. Amarel presented a series of 

different hand-crafted macro operators and demonstrated that the use of certain 

hierarchical structures could significantly reduce the search space of the problem and 

thus make the problem much easier to solve. He also discussed how a macro operator 

that takes an agent to “narrows” in a search space can be useful for problem solving. 

The narrows connect what Amarel terms “easily traversable areas.” Having a policy to 

reach the critical region, i.e. narrows regions, can significantly accelerate the search for 

a solution by enabling an agent to move to these important regions more easily.  

Other early research on hierarchical structures in AI was focused on planning 

systems. For example, the STRIPS planner (Fikes et al., 1972) was one of the planning 

systems to make use of hierarchical structures. It used pre-defined hierarchies to 

facilitate planning. Later systems focused on approaches for generating planning 

hierarchies automatically. For example, the ABSTRIPS system (Sacerdoti, 1974) 

introduced an extension of STRIPS that could automate some of the generation of 

planning hierarchies. (Prieditis 1993) introduced a system called Absolver II which 

automatically found admissible heuristics for use in search systems by using a set of 

pre-defined allowable transformations on the STRIPS goal and operator space. By 

generalizing the original problem formulation, Absolver II was able to significantly 

decrease the time needed to find a solution. Knoblock’s (1990, 1991) planning system, 

ALPINE, automatically generated planning hierarchies by dropping literals from the 

goal description in an ordered manner to create a more abstract space in which to solve 
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the problem. (Korf 1985) system could automatically create open-loop macro operators 

for use in a means-ends problem solver. These macros were designed to abstract over 

subgoals whose solutions violated a part of the overall problem that was already solved. 

He used the Rubik’s cube as an example, where a solution path for the whole cube must 

contain states where earlier goals such as “solve one color” are temporarily violated. By 

abstracting over the non-serializable part of a process, a means-ends problem solver can 

solve problems that were previously intractable. A drawback of Korf’s method is that it 

generates all possible sequences before pruning the set to those that allow an agent to 

abstract over non-serializable subgoals.  

The work discussed above on generating hierarchical structures automatically 

while planning is related to the research presented in this thesis mainly through the 

common focus on automatically generating useful hierarchies. In both domains, this 

means creating hierarchical structures that enable a system to be used in solving more 

difficult problems.  But none of these systems presents an approach of discovering 

subgoals in order to facilitate the addition of higher level actions to the available action 

set. 

2.2 Relevant RL Literature 

Hierarchy is a key way of dealing with large state spaces and work has been 

underway in the reinforcement learning field to determine how to best use it. 

Hierarchical decomposition of reinforcement learning problems has been used to 

accelerate learning in large-scale MDP problems by exploiting structure in the problem 
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domain. The components of the hierarchy typically consist of related subtasks with 

varying degrees of specialization, and independent policies to achieve those subtasks. 

The use of hierarchical structures in Reinforcement learning (RL) has been 

studied by several researchers. Much of the theoretical foundation for the use of 

hierarchy of actions in RL has been provided by Precup and Sutton (1997), Parr and 

Russell (1997), Precup et al. (1998), Parr (1998) and Sutton et al. (1999). These 

researchers have shown that the use of hierarchical actions transforms a Markov 

Decision Process (MDP) into a Semi-Markov Decision Process (SMDP) and that 

convergence results still hold for the learning algorithms known to converge in the 

absence of hierarchy. 

Related theoretical work by Hauskrecht et al. (1998) involved the use of 

abstracting the action space locally to generate smaller and more abstract MDPs. They 

showed that the new MDPs could be solved more quickly than the original MDPs and 

that abstraction helped to facilitate knowledge transfer across tasks. Their work built on 

the theoretical foundations described above and provided some theoretical reasons as to 

why hierarchy of actions can be useful to an RL system. 

One of the advantages to using hierarchical structures in RL is that the hierarchy 

can enable a system to learn to solve more complex problems. A traditional solution to 

the problem of scaling RL systems up to larger problems involved the use of shaping, or 

training the system on a series of related subproblems and then using the solutions to 

the subproblems to facilitate a solution for the next harder problem (Gullapalli, 1992; 

Singh, 1991, 1992a,c). These systems showed that training could successfully be used 
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by an RL system to approximate solutions in cases where a solution would have been 

very difficult to find otherwise. The main limitation to these ideas is that the training 

sequence must be defined a priori by the programmer. 

Singh’s (1992b, 1994) H-DYNA algorithm is an example of using hierarchical 

structures to facilitate learning in an RL framework. Other work includes Bradtke and 

Duff’s (1995) SMDP learning algorithm, which learns action values for variable 

duration actions by backing up the discounted sum of the reward received while the 

action was executing. Macro Q-learning (McGovern et al., 1997) combines the SMDP 

backup for variable duration actions with the Q-learning backup for primitive actions to 

learn action-values for both primitive actions and options. Many of the RL algorithms 

that use abstraction create hierarchies of states or actions. The systems of Kaelbling 

(1993) and Dayan and Hinton (1993) are two early examples. Both of these methods 

create a hierarchy of value functions based on attributes of the state space and are able 

to accelerate learning compared to a flat, or non-hierarchical, system. This work was 

extended by Moore et al. (1999) to automatically generate hierarchies in goal directed 

systems. But again none of these systems focused on discovering subgoals in the state 

space to facilitate hierarchy. The work of Theocharous and Mahadevan (2002) also fits 

into this paradigm by demonstrating that hierarchical Partially Observable MDPs 

(POMDPs) can enable a robot to successfully solve more difficult tasks than are 

possible without a hierarchy. Ryan and Pendrith’s (1998) RL-TOPs generates 

hierarchies in a partially automatic manner. Their work is distinguished by the use of a 

traditional planning paradigm where all actions must have specified pre- and post-
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conditions. But none of these systems adds new actions to the available action set. 

Rather, the systems focus on restricting the search space of the RL agent to decrease the 

time needed to approximate an optimal solution. The MAXQ algorithm by Dietterich 

(1998) provides an alternate framework for finding hierarchical structures in RL. His 

system uses a fixed hierarchy, where each action at each level of the hierarchy has a 

separate value function. Each level of the hierarchy also has a value function to control 

the actions for that level. Makar et al. (2001) have extended the MAXQ framework to 

multiple agents and further demonstrated the use of hierarchies for complex learning 

tasks. 

Another approach in RL is that of Drummond (1998). He proposed a system in 

which an RL agent could detect both walls and doorways through the use of techniques 

applied to the learned value function. This enabled the agent to re-use parts of the value 

function for task transfer. Although his method can identify doorways and walls in a 

two dimensional gridworld setting, his approach was aimed at detecting sharp changes 

in the value function and not at identifying subgoals. 

Thrun and Schwartz’s (1995) SKILLS algorithm examine optimal policies 

within the set of related MDPs. SKILLS can extract a pre-specified number of action 

sequences that are common across the tasks. These action sequences can be useful in 

other tasks that share this state space. A similar system by Bernstein (1999) uses the 

optimal policies for a given set of tasks to generate a single new hierarchy that he calls a 

“reuse option.” An option is a higher level action that consists of a sequence of 

primitive actions. To do this, his method examines the probabilities of taking each 
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action in each state for a given optimal policy. The action distribution for each state in 

the reuse option is then formed by averaging the action probabilities from each of the 

optimal policies for that state. Both of these systems suffer from their requirement to 

completely solve a set of related MDPs. This limits the size of the problems to those 

that are small enough to approximately solve in a reasonable amount of time. Both of 

these systems can enable transfer of knowledge among similar MDPs as well as 

accelerate learning on new tasks. However, neither of these goals can be accomplished 

using these systems unless the set of tasks share the same state set. 

Another system that can automatically discover hierarchy in an RL framework 

is Digney’s (1996, 1998) Nested Q-learning algorithm, it creates new options online 

while an agent is learning using Q-learning. This system creates new options by 

examining two criteria: frequency of state visitations and the reward gradient at each 

state. States that are visited frequently or states where the reward gradient is high are 

chosen as subgoals for new options. Because newer actions can call existing actions as 

subroutines, Nested Q-learning creates a hierarchy of actions for the agent.  

  McGovern’s (McGovern and Barto, 2001a) work is most closely related to the 

work presented in this thesis. McGovern’s method uses diverse density to discover 

useful subgoals automatically by keeping track of successful and unsuccessful events. 

However, in the case of more complicated environments and rewards it can be difficult 

to accumulate and classify the sets of successful and unsuccessful trajectories needed to 

compute the density measure or frequency counts. In addition, these methods do not 

allow the agent to discover subgoals that are not explicitly part of the tasks used in the 
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process of discovering them. In this thesis the focus is on discovering subgoals by 

searching a learned policy model for certain structural properties. This method is able to 

discover subgoals even if they are not a part of the successful trajectories of the policy. 

If the agent can discover these subgoal states and learn policies to reach them, it can 

include these policies as actions and use them for effective exploration as well as to 

accelerate learning in other tasks in which the same subgoals are useful. 
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CHAPTER III 

LEARNING FRAMEWORK 

3.1 Reinforcement Learning 

Machine learning techniques provide an agent with the ability to adapt to 

changes in the environment as well as the ability to improve performance by learning 

from experience. This ability is an important component for systems that need to 

interact with real world. Machine learning algorithms typically fall into three 

categories—supervised, unsupervised and reinforcement. Supervised learning involves 

learning from a teacher—the agent is provided with sets of inputs and the desired 

outputs. In terms of states and actions, the agent is taught the action it should take in 

each state. Unsupervised learning involves the grouping of instances based only on the 

information in the input. Reinforcement learning involves an agent learning through its 

interaction with the environment and a simple, scalar reward signal rather than from a 

teacher that specifies the action the agent should take in each state. In this sense, 

reinforcement learning may be considered an interactive, temporally extended problem 

solver. Kaelbling, Littman & Moore (1996) provide a detailed survey of the field of 

reinforcement learning. Reinforcement learning has been demonstrated to be especially 

effective for control problems where the goal objective is known but the method to 

achieve the goal is not specified. 



 

Agent 

Environment 

Reward  

 

 

 

 

Action State 

Figure 3.1   The reinforcement learning framework. 

Figure 3.1 depicts the reinforcement learning framework for an agent that 

interacts with the environment at discrete time steps. At each time step, the agent is in 

some state in the environment, and selects an action for execution accordingly. It 

executes the action in the duration between this time step and the next. As a 

consequence of this action, the agent receives a numeric reward and moves into the next 

(and potentially different) state. 

For the agent to take the best action and correctly predict its immediate reward, 

the state signals received from the environment must not only include the immediate 

sensations, but must also summarize all information contained in past sensations that is 

necessary to predict future outcomes. Which of the past sensations have to be retained 

for the state representation to be sufficient depends on the nature of the task itself. Such 

a state signal is said to be Markov or to have the Markov property. Formally, the 

Markov property implies that: 

 ,...),,,(),( 1111 −−++ = tttttttt asassPassP   (3.1) 
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),|( 1 ttt assP +  is the probability of transitioning to state  from state under 

the action . A system that satisfies the Markov property is called a Markov decision 

process, or MDP. A Markov decision problem is an MDP together with a performance 

criterion, which assigns a total cost to each state relative to a specific policy. Singh’s 

(1993) and Sutton & Barto’s (1998) work is concerned with finding an optimal total-

cost function for an infinite horizon discounted MDP. In an infinite horizon discounted 

MDP, the value of each state specifies the expected future reward for the task, and is 

defined as: 

1+ts ts

ta

...)( 2
2

1 +++= ++ tttt rrrsV γγ   

            ∑
∞

=
+=

0τ
τ

τγ tr   (3.2) 

V is the value function,  is the reward at step t and tr γ  is the discount rate 

parameter. In the infinite-horizon case, the agent must look ahead an infinite number of 

time steps or actions in determining the total-cost function. The agent is made to 

discount the contribution of actions that are not immediate to a given state in order to 

decrease its contribution to the total cost. In practice, a discounted cumulative reward is 

computed, by which future actions are discounted in their credibility; an action that 

yields a reward of r and is taken after n steps would contribute a discounted term of 

rnγ  to the total future reward, where γ  is the discount rate parameter. If γ  is one, we 

look ahead to an infinite horizon in the computation of the future reward. If γ  is zero, 

we look ahead to only the immediate reward obtained by the next action – a policy 

obtained in such a manner is considered as greedy. 
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There are different approaches to solving Markov decision problems. Linear 

programming can be used to solve certain Markov decision problems in exponential. 

Linear programs are typically solved using Dantzig’s simplex method (Sutton and Barto 

1998) or its variations. However, it has been shown that the worst-case running times of 

these methods are of exponential complexity. This may be attributed to the fact that 

linear programming is a very general problem solving approach and does not take 

advantage of the formulation of Markov decision problems. Better performance can be 

expected from MDP-specific algorithms such as policy iteration and value iteration, 

which fall under the category of dynamic programming. The solution obtained by value 

iteration typically improves as the running time increases, until the optimal value 

function is computed; it expands the look-ahead horizon of the model, starting with a 

one-stage finite horizon and increasing the horizon as the algorithm progresses. An 

automatic stopping rule can be specified according to the optimality of the obtained 

policy. One such termination criterion is the Bellman residual (Williams & Baird, 

1993), which is used in this work to analyze the progress of the value iteration-based 

learning approaches. The Bellman residual approximates the optimal value function, 

V*.  

)]'(),|'([),|'(max)( *

'

* sVassRassPsV
SsAa

γ+= ∑
∈

∈
                             (3.3) 

P(s’|s, a) is the probability of transitioning from state s to state s’ under action a 

and R(s’|s, a) is the expected reward for taking action a in state s and transitioning to 

state s’.  (Littman, Dean & Kaelbling, 1995) give a detailed analysis of the 

computational complexity involved in the solution of infinite-horizon problems. 
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3.2 Q-Learning 

Reinforcement learning allows an agent to build a policy that allows it to 

perform a specific task optimally. This mechanism of learning is especially useful in 

domains which require that the agent interact with its environment in order to receive 

feedback on its progress towards the solution of the task. The agent takes an action, 

which leads it to a (potentially) different state and yields a reward that is some measure 

of how useful the action was in relation to the task at hand. 

The learning agent in this thesis work uses an algorithm called Q-learning 

(Watkins, 1989). The objective of the agent is to learn to maximize the expected value 

of reward received over time. It does this by learning a (possibly stochastic) mapping 

from states to actions called a policy, AS →Π : , i.e. a mapping from states  to 

actions  . The criterion used by the agent in selecting the action in every state is 

the maximization of its future reward. More precisely, the objective is to choose each 

action so as to maximize the expected return: 

Ss∈

Aa∈

][
0

i
i

i rER ∑
∞

=

= γ                                                       (3.5) 

Where )1,0[∈γ is a discount-rate parameter and ri refers to the reward at step i. 

The Q-function, Q: S×  maps states  ℜ→A s ∈  S and actions  a ∈  A to scalar values. 

In particular, Q ( , ) represents the expected discounted sum of future rewards if 

action  is taken in state  and the optimal policy is followed afterwards. Hence Q, 

s a

a s
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once learned, allows the learner to maximize R by picking actions greedily with respect 

to Q:  

),(maxarg)( asQs
Aa∈

=Π                                                   (3.6) 

The action value function Q is learned on-line through experimentation. 

Suppose that during learning the learner executes action a  in state s , which leads to a 

new state  and the immediate pay-off 's ir . In this case Q-learning uses this state 

transition to update Q ( , a) according to: s

)].(),(max[),(),( 11 asQasQrasQasQ ttAattttt −++← +∈+ γα                 (3.7) 

This update is referred to as one-step Q-learning. The reward 1+tr  is that which 

is obtained on the completion of action ta in state . The scalar ts ∈α [0,1) is the learning 

rate. 

A learning algorithm such as Q-learning has the advantage of being able to 

select actions according to a control policy other than the policy being learned. 

Typically, a policy that is derived from Q is used. Such a policy might pursue actions 

according to merits other than measures of task optimality, such as exploration. For 

instance, a ε-greedy strategy derived from Q would be the following policy: a random, 

exploratory action is selected with a probability of ε and the action with the highest Q 

value among all the actions that lead out of the current state is selected with a 

probability of (1–ε). Similarly, previously untried actions may be given a higher 

precedence over other actions. 
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Table 3.1   Q-learning algorithm 

Initialize Q (s, a) arbitrarily 
Repeat (for each episode): 

 Initialize s ∈ S, the initial state for the episode 
 Repeat (for each step of episode): 

  Choose a ∈ A for s using a policy derived from Q (e.g. ε-greedy) 
  Take action a, observe reward r and next state s′ ∈ S 

  Q (s, a) ← Q (s, a) + α [r + γ  max a′ Q (s′, a′) – Q (s, a)] 
  s ← s′ 

 Until s is terminal 

1 
2 
3 
4 
5 
6 
7 
8 
9 

Table 3.1 shows the incremental one-step Q-learning algorithm. A single 

episode consists of starting at some initial state, selecting actions according to some 

policy, and modifying the Q values of the selected actions, until a terminal or accepting 

state is reached. 

The algorithm guarantees the convergence of Q to the optimal Q value function 

under the following conditions. First, the system must make up a Markov Decision 

Process (MDP). This is essential in the derivation of equation 3.7, the Q update rule. 

Second, the action selection mechanism (line 5) must be able to reach each state in the 

model. Typically, we can ensure this by incorporating the probabilistic exploration of an 

action despite its not being the best action. Third, the reward function must be bounded; 

that is, for each state-action pair , we must ensure that ),( tt as Crt <  for some positive 

constant C. 
3.3 Hierarchical Framework 

The discovery of subgoals and addition of policies that lead to the subgoals is 

the way this document introduces hierarchy to reinforcement learning. Hierarchy 

facilitates the agent's exploration and speed of learning in related tasks in the same or 

similar environments and even transfers knowledge to the related tasks. Figure 3.2 

chronicles the steps in hierarchical policy formation. 
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Learning 

Subgoal discovery 

Hierarchical action 
formation 

Add new 
actions to 
action set 

 

Figure 3.2 Hierarchical Framework 

In reference to the work in this document an agent learns a task using Q-

learning. Once the agent is finished learning the current task, it searches the policy 

model for subgoals. These subgoals are then used to learn policies to achieve them. 

These policies are called abstract actions. These higher level actions are then added to 

the already existing action set of the agent, which means that the agent has a mapping 

from states in the environment to the actions that should be chosen to achieve the 

subgoal. The hierarchical actions help the agent to explore more effectively and 

accelerate learning. 
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CHAPTER IV 

FINDING USEFUL SUBGOALS 

This chapter describes the method by which a reinforcement learning agent can 

discover subgoals automatically. By discovering subgoals and including policies to 

subgoals as actions in its action set, the agent can learn strategies for hierarchical 

decision making. The introduction of hierarchical structure in the learning system helps 

the agent to accelerate learning in other tasks in the same or similar environments where 

the same subgoals are useful. Section 4.1 explains how the agent can discover the 

subgoals by searching a learned policy model. This approach is illustrated using 

navigation tasks in a grid-world domain. It is important to note here that while this 

document develops and applies the learning and hierarchical policy formation 

techniques in the context of grid-world navigation, they are equally applicable in a wide 

range of other task domains. 
 

4.1 Autonomous Subgoal Discovery 

Subgoals provide an efficient means of decomposing problems. An example 

that shows that subgoals can be useful is a room to room navigation task where the 

agent should discover the utility of doorways as subgoals. If the agent can recognize 

that a doorway is a subgoal, then it can learn a policy to reach the doorway. This policy 

can accelerate learning on related tasks in the same or similar environments by allowing 

the agent to move between the rooms using single actions. The idea of using subgoals, 
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however, is not confined to grid-worlds or navigation tasks. Other tasks should also 

benefit from subgoal discovery. For example, consider a game in which the agent must 

find a key to open a door before it can proceed. If it can discover that having a key is a 

useful subgoal, then it will more quickly be able to learn how to advance from level to 

level (McGovern and Barto, 2001b). 

In the approach described in this document, the focus is on discovering useful 

subgoals that can be defined in the agent’s state space. Policies to those subgoals are 

then learned and added as actions in the agent’s action space.  

Definition: A regular space is a space that is uniformly connected. For example  

in a room the region near to the walls cannot be considered as regular space  

since the presence of walls affects the mobility in that region.  

In a regular space every state will have approximately the same expected number of 

direct predecessors under a given policy, except for regions near the goal state or close 

to boundaries (where the space is not regular).  

Definition: A state s is a direct predecessor to state s’ if under the learned  

Policy the action in state s leads to s’. 

Definition: The Count metric for a state s under a learned policy is given by the  

sum of count metrics of all the direct predecessors of s plus the number of the 

predecessors s has. 

Definition: The Count Curve for a “Path” under a given policy is the plot of the 

Count metric of all the states along that path.  
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In a regular and unconstrained space, if the predecessor count under a given policy is 

accumulated for every state and a curve of these counts along any chosen path is 

plotted, the expected value of the ratio of gradients along this curve would be a positive 

constant. The reason is that the count metric along any path in a regular space increases 

according to the number of direct predecessor under the policy and since the expected 

number of predecessors is the same for any state, the ratio of the increase in the count 

metrics of two consecutive states would be expected to be constant. 

The subgoals are the states that connect separate strongly connected spaces. 

Under a learned policy such spaces would behave like a funnel and the state at the 

narrow end of the funnel would represent a subgoal. To identify such states it is possible 

to evaluate the “Gradient Ratio” of the count curve before and after the subgoal state.  

Definition: A “Subgoal” state is a state with the following structural property: 

the state space trajectories originating from a significantly larger than expected 

number of states leads to the subgoal state as compared to its successor state. 

Such states represent a “funnel” for the given policy.  

Definition: The Gradient Ratio at any state is the ratio of the slopes of the count 

curve at the current state and the successor state.   

Consider a path under a given policy going through a subgoal state. The predecessors of 

the subgoal state along this path lie in a relatively unconstrained space, however, the 

dynamics of the count metric changes strongly at the subgoal state. There will be a 

strong and sudden increase in the count metric and the curve will become steeper as the 

path approaches a subgoal state. On the other hand, the increase in the count metric can 



 

be expected to be much lower for the successor state of the subgoal as it again lies in a 

relatively unconstrained space. Thus the ratio of the gradients at this point will be 

higher than expected and easily distinguishable. Let C( ) represent the count of 

predecessors for a state  under a given policy, and C

s

s t( ) is the count of predecessors 

that can reach s in exactly t steps: 
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Where  is the smallest index such that Cn n+1= Cn or = number of states, 

whichever is smaller. The condition '

n

ss ≠  prevents the counting of one step loops. 

P( | , П( )) is the probability of reaching state s from state s’ by taking action П( ) 

(in a deterministic world the probability is 1 or 0). If there are loops within the policy, 

then the counts for the states in the loop will become very high. This implies that, if no 

precautions are taken, the gradient criteria used here might also identify states in the 

loop as subgoals. 

s 's 's 's

To calculate the ratio along a path under the given policy, let C ( 1s  ) be the 

predecessor count for the initial state of the path and C ( ) be the count for the state the ts
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agent will be in after executing t  steps from the initial state. The slope of the curve at 

step ,  can be computed as: t t∆

 26

1− )()( −=∆ ttt sCsC                                                                         (4.4) 

To identify subgoals, the gradient ratio
1+∆

∆

t

t is computed if  (If 

 then the ratio is less then 1 and the state does not fit the criterion. Avoiding 

the computation of the ratio for such points thus saves computational effort). If the 

computed ratio is higher then a specified threshold, state s

1+∆>∆ tt

1+∆<∆ tt

t will be considered a 

potential subgoal.  

4.1.1. Empirical Threshold 

Assuming that there are a small number of subgoals as compared to the size of 

the space, the theory of the t-test is applied to compute a threshold. Based on this 

assumption it can be stated that the distribution of gradient ratios over the entire space 

represents approximately the distribution in a space free of subgoals. Another 

assumption made here is that the gradient ratios at any state are randomly drawn from 

the cumulative distribution. Given the assumption, it can be tested using a t-test whether 

the gradient ratio distribution at any state belongs to the cumulative distribution and its 

affirmation means that the state is not a subgoal. To run a t-test for a given state s, the 

mean, X, of a sample of gradient ratios of size N is computed by randomly choosing N 

trajectories going through state s under the learned policy. Then equation 4.5 is used to 

compute the t value. To avoid performing t-test at every state a slightly different 

approach is taken here. Based on desired p value (the probability of obtaining a 



 

particular sample result given the null hypothesis) sample mean X required to pass the 

test is computed using formula: 

N

Xt
σ

µ−
=                                                           (4.5) 

X is mean of the sample, µ  is the mean of whole distribution, σ  is the standard 

deviation of the distribution and N is the sample size. X plays the role of threshold 

required in this approach because in order for the t-test to provide a positive result for 

the sample distribution at a given state s, there should be at least one path through s 

along which the gradient ratio at state s is equal or higher than X. Thus the paths are 

chosen randomly and it is tested if the gradient ratio at any state along the chosen path 

is higher than X. A positive answer qualifies the state for a t-test and the result of this 

test determines if the state is a subgoal or not. The p value can be chosen conservatively 

in order to avoid subgoals that are not useful.  

To show that the gradient ratios in the unconstrained portion of the state space 

and at a subgoal state are easily distinguishable, histograms for the distribution of these 

ratios in randomly generated environments are shown in Figure 4.1. Randomly 

generated environment here means that rooms and goal are created randomly on a 20 x 

20 grid where every state is connected through an action to each of its eight neighbors. 

A detailed explanation is presented in section 5.1. 
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Gradient ratio 

               Figure 4.1 Histogram for the distribution of the gradient ratio in  
               regular space (dark bars) and at subgoal states (light bars). 

The Histogram shows data collected from 12 randomly generated 20x20 grid-

worlds with randomly placed rooms and goals. Each run learns a policy model for the 

respective task using Q-learning and computes the count metric for every state using 

equations 4.1, 4.2, and 4.3. Gradient ratios for 40 random paths in each environment are 

shown in the histogram. Bin size for the histogram is 5. 

4.1.2. Randomly Connected World 

To show that the method for discovering subgoals discussed above is not 

confined to grid-worlds or navigation tasks, random worlds were generated for 
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experiments. Random worlds consist of 1600 states and every state has 10 actions. It is 

easy to visualize the space as a 40 x 40 grid, but every action in state s connects to a 

randomly chosen state s’ in its local neighborhood. With a 0.5 probability an action 

connects to its immediate neighbor, with 0.25 probability it connects one level out and 

with another 0.25 probability it connects to a state two level further. To create a subgoal 

in such a world by the subgoal definition, pieces of such a random world are generated 

independently and connected randomly via a small number of states in different pieces.  
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                         Figure 4.2 Histogram for the distribution of the gradient ratio  
                         in regular space (dark bars) and at subgoal states (light bars). 
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The agent learns a policy model for the respective tasks using Q-learning as 

explained in chapter III, in each random world. Then the count metric is established and 

gradient ratios are computed for these spaces with and without a subgoal. Figure 4.2 

shows histogram for these gradient ratio distributions averaged over 25 such randomly 

connected worlds. The results showed that the gradient ratios in the unconstrained 

portion of the state space and at a subgoal state are again easily distinguishable 

 



 

 
CHAPTER V 

EXPERIMENTAL RESULTS 

5.1 Subgoal Discovery 

The subgoal extraction technique presented here has been illustrated using a 

simple gridworld navigation problem.  Figure 5.1 shows a four-room example 

environment on a 20x20 grid. The grid has been divided into four rooms; bold black 

lines show walls while the breaks between otherwise continuous lines show the 

doorway for respective rooms.  

 

Figure 5.1 Grid-World 
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The action space shown below in the figure 4.2 consists of eight primitive 

actions (North, East, West, South, North-west, North-east, South-west, and South-east).  

           

  Figure 5.2 Action Space 
 

For the grid-world navigation task, actions and rewards have been assumed to 

be purely deterministic. In other words, each action succeeds in moving the agent in the 

chosen direction with probability 1. The world is deterministic and each action 

succeeds in moving the agent in the chosen direction. With every action the agent 

receives a reward of -1 for a straight action i.e. (North, East, West, and South) and -1.2 

for a diagonal action i.e. (North-west, North-east, South-west, and South-east). In 

addition, the agent gets a reward of +10 when it reaches the goal state.  

The agent learns using the Q-learning algorithm shown in section 3.2 and ε-

greedy exploration for learning. It starts with ε=0.90 (which means 90% of the time it 

tries to explore by choosing a random action) and gradually decreases the exploration to 

ε=0.05. 
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For these experiments, the goal state was placed in the lower right portion and 

each trial started from same state in the left upper corner as shown in the figure 5.3. In 

the experiment, the predecessor count for every state is computed exhaustively using 

equations 4.1, 4.2, and 4.3. However, for large state spaces counts can be approximated 

using Monte Carlo sampling methods.  

 

 

            Figure 5.3 Grid-World with the initial state in the upper left 
                             corner, the goal in the lower right portion and a  
                             random path under the learned policy. 
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The agent then evaluates the ratio of gradients along the count curve by 

choosing random paths, and picks the states as subgoal state based on empirical 

threshold as discussed in section 4.1.1.  

 

    Figure 5.4 Count curve along a randomly chosen path through a  
    subgoal state under the learned policy 

For this experiment the count curve along one of the randomly chosen paths 

through a subgoal state is shown in Figure 5.4. The path chosen is indicated in Figure 

5.3 and the subgoal state is highlighted both in Figure 5.3 and Figure 5.4. The value for 

the gradient ratio at step 4 (which is in regular space) is 1.444 while it is 95.0 at step 6 
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(which is a subgoal state). The mean of the distribution of gradient ratios over the space 

is 3.265 and the standard deviation is 13.08. For a p value less than 0.025 and N being 

5, the computed threshold is 25. It is evident from the figure 4.1 that this threshold 

computed by the algorithm is safe enough to be used to pick a subgoal. 

The subgoal states that the agent discovered in this experiment are shown in 

Figure 5.5. The subgoal state leading to the left room is identified here due to its 

structural properties under the policy and despite the fact that it does not lie on the 

successful paths between the start and the goal state. The agent did not discover the 

doorway in the smaller room as a subgoal state because the number of states for which 

the policy leads through the subgoal is small compared to the other rooms and hence the 

count for this subgoal state is not influenced significantly by the structural property of 

the state. 

 

 35
Figure 5.5 Subgoals states discovered by the agent (light gray states) 
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5.2 Hierarchical Policy Formation 

The motivation for discovering subgoals is the effect that available policies that 

lead to subgoals have on the agent's exploration and speed of learning in related tasks in 

the same or similar environments. If the agent randomly selects exploratory primitive 

actions it is likely to remain within the more strongly connected regions of the state 

space. A policy for achieving a subgoal region, on the other hand, will tend to connect 

separate strongly connected areas. For example, in a room-to-room navigation task, 

navigation using primitive movement commands produces relatively strongly connected 

dynamics within each room but not between rooms. A doorway links two strongly 

connected regions. By adding a policy to reach a doorway subgoal the rooms become 

more closely connected. This allows the agent to more uniformly explore its 

environment. It has been shown that the effect on exploration is one of two main 

reasons that extended actions can be able to dramatically affect learning (McGovern, 

1998). 

To take advantage of the subgoal states, the agent uses Q-learning to learn a 

policy to each of the subgoals discovered in the previous step. These policies, which 

lead to respective subgoal states (subgoal policies) are added to the action set of the 

agent. 

One reason that it is important for the learning agent to be able to detect subgoal 

states is the effect of subgoal policies on the rate of convergence to a solution. If the 

subgoals are useful, then learning should be accelerated. To ascertain that these 

subgoals help the agent to improve its policy more quickly, two experiments were 



 

performed where the agent learned a new task with and without the subgoal policies. 

The same 20x20 grid-world with three rooms was used to illustrate the results. Subgoal 

policies were included in the action set of the agent (Subg1, Subg2). The task was 

changed by moving the goal to the left hand room as shown in Figure 5.6. The agent 

solves the new task using Q-learning with an exploration of 5%.  

The action sequence under the policy learned for the new task when its action 

set included the subgoal policies is (Subg2, South-west, South, South, South, South) 

where Subg2 refers to the subgoal policy which leads to the state as shown in Figure 

5.6.  

 

Figure 5.6. New task with goal state in the left hand room 
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Figure 5.7 shows the learning curves when the agent was using the subgoal 

policies and when it was using only primitive actions. The learning performance is 

compared in terms of the total reward that the agent would receive under the learned 

policy at that point of the learning process.        

 

                   Figure 5.7 Comparison of learning speed using subgoal policies  
                     and using primitive actions only 
 
The curves in Figure 5.7 are averaged over 10 learning runs. Only an initial part 

of the data is plotted to compare the two learning curves. With primitive actions only 

the agent is still learning after 150,000 learning steps while with subgoal policies the 

policy has already converged. After 400,000 learning steps the agent without subgoal 

policies also converges to the same overall performance. The vertical intervals along the 

curve indicate one standard deviation in each direction at that point. 
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To emphasize that the method for discovering subgoals discussed above is not 

confined to grid-worlds or navigation tasks a similar experiment was performed with 

randomly connected world discussed in section 4.1.2.  Initial and goal state for the task 

were chosen randomly and Q-learning was used to learn the policy. The agent used the 

same procedure as discussed in previous experiment to discover subgoals and 

discovered three states as subgoal states. It used Q-learning to learn a policy to each of 

the subgoals discovered in the previous step and add them to its action set. To ascertain 

that these subgoals help the agent to improve its policy more quickly, two experiments 

were performed where the agent learned a new task with and without the subgoal 

policies.  

 

                 Figure 5.8 Comparison of learning speed using subgoal  
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                 policies and using primitive actions only 
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The same random world was used to perform the experiments. Figure 5.8 shows the 

learning curves when the agent was using the subgoal policies and when it was using 

only primitive actions. The learning performance is compared in terms of the total 

reward that the agent would receive under the learned policy at that point of the learning 

process. The curves in Figure 5.8 are averaged over 10 learning runs. Only an initial 

part of the data is plotted to compare the two learning curves but eventually both 

converges to same level. With primitive actions only the agent is still learning while 

with subgoal policies the policy has already converged. The vertical intervals along the 

curve indicate one standard deviation in each direction at that point. 

To show that the results discussed above do not depend on a particular world 

another experiment was performed using randomly connected worlds as discussed in 

section 4.1.2. Similar to the previous experiment, a randomly connected world was 

generated and Q-learning was used to learn the policy for a randomly chosen initial and 

goal state. The agent discovered the subgoals, learned the policies to achieve respective 

subgoals and added them to its action set. Now, the agent learns a policy for a new task 

in the same world with and without subgoal policies. The learning performance is 

recorded in terms of the total reward that the agent would receive under the learned 

policy at that point of the learning process for both cases, i.e. for the agent learning a 

policy with and without subgoal policies. The complete process is repeated for 10 

different random worlds, i.e. for every run a complete new randomly connected world 

with the same number of states and primitive actions is generated. Figure 5.9 shows the 



 

learning curves averaged over 10 different randomly connected worlds when the agent 

was using the subgoal policies and when it was using primitive actions only. Curves are 

scaled in order to have the same maximum reward value on the Y-axis. The vertical 

intervals along the curve indicate one standard deviation in each direction at that point. 

 

          Figure 5.9 Comparison of learning speed using subgoal  
                  policies and using primitive actions only averaged over  
                  10 different worlds. 
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CHAPTER VI 

CONCLUSIONS & FUTURE WORK 

An agent could potentially learn much faster if it could abstract the innumerable 

micro-decisions, and focus instead on a small set of important decision. This 

immediately raises the question of how to recognize hierarchical structures within 

learning and control systems and how to learn strategies for hierarchical decision 

making. Within the reinforcement learning paradigm, one way to do this is to introduce 

subgoals with their own reward functions, learn policies for achieving these subgoals, 

and then include these policies as actions. This strategy can facilitate skill transfer to 

other tasks and accelerate learning.  

In this thesis, a method for automatically identifying subgoals and creating 

hierarchical actions has been presented. These subgoals are discovered by searching a 

learned policy model for states that exhibit a funneling property. The subgoals are 

identified by observing the dynamics along the count curve. The method presented here 

can also identify subgoals that are not an integral part of the current task learned. By 

creating totally random worlds for the purpose of experiments presented in this 

document the generality of this approach has been illustrated. 

Hierarchical actions are created using subgoals which in turn are discovered by 

searching for states that connect separated strongly connected regions in the agent’s 
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observation space. This has been formulated as a problem of finding states that exhibit 

certain structural properties in a learned policy model and the concept of studying 

dynamics along count curve has been used to identify subgoals. The method presented 

here has been illustrated in several simulated tasks and it has been showed that the 

introduction of hierarchy in reinforcement learning can both accelerate learning and 

facilitate transfer to related tasks. 

One potential drawback of this method is the requirement of a threshold to 

differentiate between subgoal states and non-subgoal states. Though threshold can be 

established by the statistical tests over the distribution of gradient ratios, this might not 

be the best threshold. We are currently investigating how to establish a formal threshold 

instead of using an empirical one. 

Our future research lies in the context of generalizing over the policies. 

Generalization means finding a common policy for achieving the goals of individual 

policies. Referring to the example of the tennis game given in Chapter I, “play a tennis 

stroke” is a higher level action, similarly a game of squash also has a “play a squash 

stroke” action but humans doesn’t have two different policies to execute them otherwise 

it would be very difficult to play different games. Instead humans has a general abstract 

action “play a stroke” generalized across the “tennis” and “squash” variables. Similarly, 

instead of having a different policy for every subgoal, a general policy would further 

accelerate learning and facilitate knowledge transfer 
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